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ABSTRACT 

This paper presents the bacfegrouiid oi the project for 
tb€ Mathoniatical Davelopment of Children (TBSPC) i a list of nine 
objectdvefi which direct PMDC's long-range activities^ and a 



diacussioii of the rationale behind PMDC's approach^ PMDC's activities 
ar€ described in terras of the interviewing procedures u^ed with 
childraii^ teaching axperinants and obsery^ational studies^ Methods of 
asa€Ealng children* s knowledga^ and disaeDiination of project 
inf or Bation* (DT) 
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] . HISTORY 

The liecach' of the 7(Vs bcj;nii with a recx ami nqt i uri of and debates 
nhout the virtues uiul ^^hortcnmings of the nuuliomatics curricula produced 
clnring the Bfl's nnd fiO's, called ''niodcra inathJ* During Tall 1972, the 
Mathcniatics lUlucntion faculty ot the Florida State Uiuversitf begaii dis- 
cussions coRccraing the future directions na thenut ics educiition might 
take, A conference of selected kno\^ledgeab] e individuals vvho v/oulcl re* 
examine the past and suggest an appropriato course for the future seomed 
to bo in order. 

The Florida State Uni vers icy provided financial support fox a 
twD-^day conrerence udiich was held in Tallahassee on Septoinber 10-11, 
197 3, The purpose of the conference was to explore the major Issues re- 
lated to the teaching and learning of mathDmatics in the elementary grades 
To accomplish this, sixteen individuals were invited to take part in the 
conference: eight individuals prepared a paper in advance and each of 
the reJiiaining indiv^iduals prepared a reaction to one of the eight papers. 

The authors of the papers ^ inst i tut ioiis ^ the titles of their 
papers 3 and the reactors to the papers were: 

. Stephen Willoughhy, New York University , ''Z^asons L&arn&d and 
Pitfalls to be Avaidsd <n tH& Continuing Cuy^Moutar Rgform 
l^ffoptB in MathBrnatias Sduaation,'^ Reactor; Edv/ard Begle 
Stanford University* 
Jack DowneSj Emory University (presently at Georgia State Uni- 
versity) ^ ''that's the Go of That? What's tha Partiaulaz^ Go 
of rhat?'^ Reactor: RobcTt Kalin, Florida State University, 
Robert Wirtz^ Carmel, Calif orniap ^^Taw€jm an Unfinishmd Curvi-^ 

Qulum.-' Reactor: Williani McKilllp, University of Georgia. 
Wax Bell, University of Chicago, ^'Som& N&ed&d PiTmotions and 
Empahe&s in the Math&matical Eduaation of Ev&Tyman in ths 
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^rc-filgh nahoal Yeavn,^^ Rucictor: John l.cBianc, Indinnn 
Univurs i ty . 

Walter Dick, laoricUi State Univorsity, ^^{utc of Educational 

Teahnotogy in Matheniatian Curriculum * Reactor: Tom 

Dcnrimrk j Plorida State University, 
Janios Wilsoiij University of Georgia^ '^Tha Bvatuation Conipaneni 

of a Mathematiac, Cuin^i culum Davalopmant. Reactor: Gerald 

Rising, University of Buffalo, 
Stanley nrlwangcr^ Univ^crsity of Illinois, ^'Jliij Ob ^^^rua ticui- 

Intervichj Method and Sopiq Casa Studiea.-' Reactor: Leslie 

Stef f 0 ^ Uiiivers ity of Gcorg ia, 
CharlcH Sniock, Univorsity of Georgia^ ^'DioaovGring Psyoholu- 

giaat Pi^inaiples for Mathaniatiop' TriBhrziation,^- Reactor: 

Merlyn Bahr, Northern Illinois University, - - 

The publication, FroQeedingo of the ConforGna^ on t/u3 Future of Math&- _ 
matical Eduaation is available for $3*50 from: PMDC, Florida State 
University^ Johiiston Buildings Tallahassee, FL 3230C* Please make the 
chock payable to Florida State University, 

Even after the many discussions and deliberations v;hich followed 
the confeTence, there was no obvious message that would suggest tlie ap- 
propriate emphrses in the future mathematics curriculuin. It seemed 
clear that the present knowledge about how children learn mathematics 
was not sufficient to serve as a guide for constructing a pedagogi- 
cally sound mathematics curriculum, That is, a curriculum in which 
more students will succeed in learaing the skills and concepts usually 
taught in the early grades. 

During Fall 1973 , a proposal was subiiilttcd to the National 
Science Foundation requesting financial support for a project in which 
principal investigators located at Florida State University , University 
of Georgia, University of Texas i and University of Ohio would work with 
first and second grade children, A grant for the initial phase to cover 
the period June 1974 - August 1975 was given to begin the Project for 
the Mathematical Development of Children CPMDC) with Dr* Eugene D, Nichols 
of Florida State University as Director, The second phase of the Project 
is now under way at only two sites, Florida State University arid Univer" 
sity of Georgia, 

3 - ' 
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n, MAJOR CONCiUiNS 

In the initial proposal PMDC vms envisioned as directing its 
long-range activities toward the following nine objcctivos: 

1. To develop interview tcchniquDS with individual 
childrcns which will result in insights into 
children's niodcs and patterns of thinking, 

2. To work with tcnchcrs to develop techniquGS for 
evaluating individual children's understandings in 
mathenia tics , mainly through observations and interviews, 

3. To develop and test techniques for reliably assessing 
the understandings and skills children have when 
entering the first and second grades, 

4. To study the feasibility of teaching children some 
selected concepts and skills which are not ordinarily 
taught in standard curricula at this age level. 

5. To study the feasibility of teaching the usual first 
and second grade level concepts and skills, but 
employing different approaches with the aim of 
achieving greater success, 

6. To develop modules, including various aids^ in 
pursuit of the above five objectives. 

7. To identify those practices which teachers succeed 
with; to capture J refine and extend these practices 
to other teachers. 

8. To explore ways in which teachers can successfully 
learn to incorporate into their daily practice the 
materials produced and findings obtained in meeting 
objectives one through seven. 

9. To develop techniques and procedures for evaluating 
all activities pursued in meeting objectives one 
through eight. 

Activities during the two years have been focused primarily on objec» 
tives 1, 3, 5, and 6. 
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Ill , RATIONALIi 

To propose that a child's thinkiiig process servo ja a bay is 
for curriculum developnicnt is to presuppose that curriculuiii makLVivs 
agree as to what this procDHs is. This is not the case* Hven il' it 
were, it is furthor assunioU that there is agrccnicnt on what implica- 
tions t hi s thinking process would have for the curricuUuii. 

In the actual world of today's elementary school Classroom, 
with not much hope for drastic changes for the better in the foresee- 
able future J it appears that to build a realistic , yet sound basis for 
the iiiathema t ICS curriculum, the mathemat ical thoughts of children in 
their normal school habitat need to bo studied intensivoly. Given an 
opportunity to tliink fvQibly^ children clearly display certain patterns 
of thought as they deal with the usual mathematical situations encoun- 
tered daily in their classroom. A videotape record of the cliild's 
expressed thoughts, uninfluenced by any teaching on tho part of the 
interviewer, provides a rich source for the formulation of conjectures 
as to what those thoughts are, what mental structures the child has 
developed, and how the child uses these structures when dealing with 
the ordinary concepts of arithmetic, An analysis of this videotape 
record further prompts some conjectures about possible sources of what 
the adult views as ''misconceptions," about how the school environment 
(the teacher and/or the niaterials) influences the child's thinkingi 
and about whether the teacher and/or the materials "fights" the child's 
natural thought processes. 

In response to the above rationale, the activities in PMDC focus 
on understanding the child's thinking within the context of the mathe- 
matical environment found in the schools. 



IV. PMDC's ACTIVITIES 
A. Intervlows 

First and second grade children are interviewed by principal 
investigators; the interviews are videotaped. The videotapes are then 
studied by individuals with training in mathematics education, research 
methodology, psychology, and psycho-linguis tics . One area of concern, 
which has emerged as a result of the intervievv^s and analyses is symbo- 
lization, since a large part of the daily mathematical instruction in 
the first and second grades deals with writing, reading, and interpreting 



mathciiiat lea 1 Buntenccs. A nuiiibor of quoBtiuiis ari^^c concern in[; Xh\^ 
skill : 

Do children connect what they vvrito with the mnn i ]nil n t i on 
of rcuil objects [beans , blocks ^ etc.)? 

How do children interpret, in 'torms of mat heiiia t i cal sentonccB, 
the trxtbook picturos uhicli arc intended to suggest unique 
opcvat ioHB and sentences? 

How do children view the concopt of cqiiulity? 

Thrnt3gh clinical interviews with jndivicliial childrnn^ principn] 
i nvcst i gn tors hnvo attempted to find answers to these quejuions, Those 
interviews suggest, for in^:^tancc, that first and second graders view 
the symbol for etiuality as an opor ator and not as a relntioii syinliol. 
For example J tlicy accept 2 + 3 ^ S as a correct sentence ^ but tlicy say 
that 5 = 2 + 3 is ^'backwards" and change it to 2 + 3 - S. Similarly, 
they consider 3 =^ 3 as meaningless and typically change it to ona of 
the following: 0 + 3 - 3^ or 3 + 3 - 6, or 3 - 3=0. More generally, 
children seem to view mathematics as an actio n subject - you must do^ 
something . 

When interviews revealed that first and second graders held this 
concept of equality^ further one-to-one interviews were held with chil- 
dren in grades 3 through 6, Some of these interviews suggestod that 
some children in these higher grades continue to hold this concept of 
equality. One further question of importance arose in connection with 
these findings: Does this concept of equality interfov^e, in a signifi- 
oant way, with the child^s ability to grasp the concept of place value 
and to develop efficient computational algorithms? This question is 
presently being invest Igated by means of a teaching experiment. 

Generally, the sequence of events in Project activities is soiiie- 
thing like this: 

1, A pTincipal investigator uncovers the particular way a 
child thinks about a specific key mathematical idea by 
means of an interview. 

2* This investigator and other principal investigators 
replicate the interview, 

3, If a pattern enierges, it is captured in the form of 
a tentative con j ec ture . 

4, The validity of the conjecture is established by 
furtheT analysis of the interview, discussion, and 

C 6 . 



-0- 



rcT 1 uct i oiu; . 

5, Wnys of testing; wluit is judj^ud to he n s i yn 1 I" i cn !i t 
con J tvlu r*o nru faniiu 1 n t:cd . 



6. Thu canjecturc i^^ tested; this inny 


j nvol ve 


d eve J 






iiienf of nniterial^i to he used in a t 


eachi ng 


oxpe r 


' irnen t » 




7. The conjecture may heconie a Project 


find ing 








8* The finding jh actod upon; this may 


mean develop i ng 




add i t i oun 1 teach i ng ma t u r ial s and comniun ica t ing 


the 




finding^; to the npproprinle people 


i n t he p r o f e s 


s i 0 n * 




9 , The TO fined t e/ich i ng iiia t ervi a I s are 


p 1 a c Q d i 


ii the 


ha nd 




of roguJar teachers l:o be used under ordinary c] 


ass - 




room contfjtipn.s by them wtiile being 


Obs CTVO 


d. 






Interv^ j eivi ngj videotaping, und (in a 1 y i ng tapes are 


s 0 111 e 


of the on- 


going activities of the Project, As of tliis datOj taped interviews of 


individual chiiclron and .smail groups of children fall 


into 


the follois/- 


ing oighteen ca tegor i cs, wi t h the approximate times and 


the 


nu mber 


of 


children ior each category (from lallahassce Site only): 






t^o^ic no 


, of children 




hours 


SMSG Text - Fall '74 


17 






5 


Sense do no tat ion 


12 






4 


Set equiva lence 


8 






3 


Ser iat ion 


7 






2 


Count i ng 


5 






1 


Conservation of length and moasuroment 


34 






17 


Workbook exercises 


16 






8 


Meaning of equality and addition 


36 
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Mi ssi ng addend 


3 






3 


Place value 


6 






6 


Mathematical sentences 


9 






9 


Drill 


2 






1 


Symbolism 


34 






21 


KeyMath Test - Fall *75 


50 






19 


PMDC Test - Fall '75 


54 






20 


Tl - Mult iple embodiment- teaching experiment 


28 






20 


T3 - Equality and addition - teach, experiment 


6 






1 


T4 - Pictures and mathematical sentences 


24 
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As (I result nf intcrvuMVH and ohscM'val; iour, of chi ldron and 
tcnclKTs, tho principal i nvcs t, i i.n tors roniuilatcd HO conjectures by 
Sprinj; 1975. Five to/icfunr, oxpu r i nion 1 s were dcBtjincnl to test thuHO 
conjecture? (vhich sccnuul to have the most rclevnnco for the learning 
of addition, .uibtraction, and place value in grades 1 and 2. The inniii 
emphases in thoHo cxpcrinionts are as rollowK. 

1. The rolQ oC eiiiljod imontH in the iDorniiig of place value, 
addition, and puhtraction by second grade children. (To 
illustrate in jirenter d-'/iil wlirit Is meant hy n tonchiiu; 
oxpcr inicnt . n copy of a teachlnfi cxperliiient ifroposaJ "Tl , 
July 1975, runalKiHsee Ciroup, Fffeatf of the Multipla Em- 
bodiment and natiwmatiaal Variabilitij Vrinaiplon on 2nd 
Gradci'D' iBaming a. id Undcvotanding of Two-Digit Addition 
and Subtraation and Mf feats of Tranofev to Three- Digit 
Addition and Sub traa tion, " is oiiclosed,) 

2. Teaching the concept of equality as a relation, rather than 
as an oporator as is the conventional practice. The effect 

. of the understanding and aceeptancc of equality as a rola- 
tion upon the learning of nunicration, expanded notation, 
bridging the tens in addition, and upon the transfer power 
of this undGrstanding to addition and subtraction of tv^o- 
digit numbers with regrouping is boing studied. 

3. Constructing and learning of alternative computational algo- 
rlthms by second grade children. This teaching experiment 
has four objectives: 

a. To Identify and study the montal operations for the 
learning of algorithins (particularly computational 
procedures) by elementary school children, 

b. To identify and study the cognitivo development and 
readiness factors in learning whole number computation. 

c. To investigate the learning effects of instructional 
treatments in which it is intended that children de- 
velop and study alternative algorithms. 

d. To develop and study instructional procedures and 
materials for helping children generate and study 
alternative algorithms. 

4. Investigating first grade children's degree of success 
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with writton s/inhnl i zat i on us o runclion of ruddiness fcir 
symbol i :!n L ic)!i . Tho cxtunt to which chiUlrun arc ablo to 
uf^c and Inturprut iiuithciiiaticaJ ^^ymhols is i nvc^H t i gn tcul in 
this teaching cxpor 1 nicii t . 
5, Investigating three learning and instructional phnsas for 
atlcl i t ion and sub trac t i on : 
n, nxplorator/ phnsOy 

b, Abs trac t ion - rGprcscii tat ion phase , and 

c , Formal i :^a ti on - i nterpre tat i on phase, 

Tea chi ny nia to r i a J h , ap[) rop r i at o for cacli teach i jig cxi^u r i men t , 
cire being d eve loi')pd . nxisting ninn i pul at ivc nidn arc selected as they 
fit. the rDqiilroments of tlio cxperimonts. If tliu roquircd manipulative 
aids do not exists they arc constructed, , 

The findings of each teaching experiment will be analyzed and 
reported. Those materials whicli have produced snpcrior results will 
be tested by hiiving them used by the elementary school teachers in or- 
dinary classroom conditions, 

Hopefully J one of the products of the teaching experiments will 
be a much better understanding of children's thinking. This should 
coiitribute some insights into the reasons for tJie failuro of largo nuTii- 
bers of students in understanding some basic mathematical concepts. 

C, As sessment of Children's Knowledg e 

PMDC is developing diagnostic tests, administered on a one-to- 
one basis to first and second graders at the beginning and the end of 
the school year* Individuals are ti^ained in the techniques of adminis- 
tering these instruments. Videotapes of these testing scs^ion:^ arc being 
analyzed^ again with the purpose of gaining insights into children's 
inathcmatical thinking. Group data and correlations bctwcQn various clus- 
ters of skills and concepts arc analyzed by the use of computer programs. 
During Fall 19 75, about 200 first and 200 second grade children wore 
tested. 

D, Dissomination 

The knowledge gained by means of the three activities described 
above is shared with the profession, including curriculum designers and 
textbook wxiteTS. This is accomplished primarily through publications 
and professional conferences. 
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Hnch part i c i i3ant vn 1 1 rgcoivu thu f'ul lowing nKiturinJs: 

1. A copy ot thin pnpcM' (with the teuchiiig experiment) 

2. PMDC'H NewHjcttcr No. 1 

3. PMUC's Nuw^ letter No. 2 (eoiiLaiiu; an order ruj'm 

for other aval 1 ah 1 e pub! icat ioiis) 

4. Brochure of tlio Conreroncu I- roccudingB . 

Those participants wishing to have their fianicB placed on the 
nmiling lint for futuro Newi^lottorH may give their names and nialling 
addre^^scs to Dr. N it hoi!, or i.eiid to: PMDC 

Florida Stale Un ivers i ty 
Johnston lUi i ) d ing 
Tallahassou, PL 32306 
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